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1. PROBLEM STATEMENT
Tracking of regions in image sequences is one of the basic problems of image processing and computer vision, and plays an important role in numerous applications (search and retrieval in video
databases, object based coding such as in MPEG-4, surveillance,
automated image editing). Although numerous approaches to region tracking have been developed, most suffer from severe constraints and assumptions, typically by assuming particular motion
models or constraining the range of interframe motion, or even assuming a fixed background. Furthermore, most of these algorithms
perform tracking on a frame-to-frame basis as opposed to a multiframe basis, leading to a possible lack of temporal coherence and
a loss of tracking accuracy.
In this paper, we propose a novel algorithm for region tracking without motion computation that uses as its starting point the
Bayesian framework for tracking previously developed [3], [4], extending it to a multi-frame tracking algorithm in which tracking is
expressed as segmentation in the spatio-temporal domain [5]. Our
proposed algorithm is expressed as the solution of level set partial
differential equations, and the tracked region in a particular frame
of the sequence is then obtained as the time slice of the level surface given by the level set equations.
The main benefit of our proposed algorithm is that contrary to
numerous other tracking algorithms, it is a multi-frame tracking
algorithm which does not assume the motion to be small [6], nor
the background to be stationary [1], nor the region to be uniform
in intensity on a uniform background [2], nor does it assume any
motion models [5]. This leads to a tracking algorithm which combines the advantages of the Bayesian formulation developed for
frame-to-frame tracking [3] with those of the formulation in the
spatio-temporal domain [5]. We illustrate the performance of our
algorithm on real image sequences with natural motion.
2. REGION TRACKING VIA JOINT SPACE-TIME
SEGMENTATION

both images be Ω. Let Rn ⊂ Ω be a region in the image at time n
(I n ) and let Rn+1 ⊂ Ω be the corresponding (unknown) region in
the image at time n + 1 (I n+1 ). Assume there exists a given (finite
or infinite) set Γ of bijective transformations ψ : Ω → Ω, and that
there exists a mapping φn ∈ Γ with φn (Rn ) = Rn+1 (and hence
φn (Rcn ) = Rcn+1 ) such that
I n+1 ◦ φn (x) = I n (x) + µn (x),
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(1)

where µn denotes a stationary zero-mean Gaussian white noise
process with variance σn2 , with µi and µj independent for i 6= j.
Most frame-to-frame tracking algorithms estimate Rn+1 by first
estimating φn ; based on the estimate φ̂n of φn , the estimate R̂n+1
of Rn+1 is then computed as R̂n+1 = φ̂n (Rn ). To make the
problem of estimating φn tractable, strong assumptions are then
imposed on Γ; in particular, Γ is often assumed to be a smalldimensional space (e.g., the group of translations). Taking a different approach and, following [3], computing a Bayesian estimate
of Rn+1 , it can be shown [3] that the maximum a posteriori estimator of Rn+1 is, under some probabilistic assumptions, given by
the solution of the following MAP estimation/energy minimization
problem:
R̂n+1

=

arg max P (Rn+1 = R|I n , I n+1 , Rn )

=

arg min {− log P (I n+1 |I n , Rn , Rn+1 = R)

R⊂Ω

R⊂Ω

− log P (Rn+1 = R|I n , Rn )}
where the likelihood − log P (I n+1 |I n , Rn , Rn+1 = R) is, up
to an additive constant, given by:
Z
ξn (x)dx
− log P (I n+1 |I n , Rn , Rn+1 = R) =
ZR
+
ηn (x)dx,
Rc

c

where R is the complement of R in Ω, and the functions ξn , ηn
are given by:

2.1. Basic Models and Level Set Evolution Equations
We first consider the Bayesian approach for frame-to-frame tracking developed in [3]. This will lead to a tracking functional which
we will then generalize to multi-frame tracking. Let then {I n ,
I n+1 } be images at time instants tn and tn+1 . Let the domain of

∀x ∈ Ω,

ξn (x)

=

ηn (x)

=

inf

(I n+1 (x) − I n (x + z))2
2σn2

inf

(I n+1 (x) − I n (x + z))2
,
2σn2

{z:kzk≤α,x+z∈Rn }

{z:kzk≤α,x+z∈Rc
n}

where α is the maximum range of frame-to-frame displacement of
each image point. Choosing the prior P (Rn+1 = R|I n , Rn ) to

be a function of the boundary length of R as in [3] and letting the
closed planar curve ~γ : [0, 1] → R2 , s 7→ ~γ (s) be the estimator of
the boundary ∂Rn+1 of Rn+1 (with R~γ the subset of Ω bounded
by ~γ , R~γc its complement, and ds arclength) finally leads to the
following energy minimization problem:
~γ ? = arg min E(~γ |I n , I n+1 , Rn )
~
γ

where
E(~γ |I n , I n+1 , Rn )

=
+
+

Z

Z

ξn (x)dx
R~
γ

− log P ((I n )n≥1 |I 0 , R0 , (Rn )n≥1 )
X
=
− log P (I n |I 0 , R0 , (Rn )n≥1 )

ηn (x)dx
c
R~
γ

λL

I

n≥1

ds.

~
γ

The minimization of the functional ~γ 7→ E(~γ |I n , I n+1 , Rn ) is
performed by embedding the curve ~γ : [0, 1] → R2 in a oneparameter family ~γ : [0, 1] × R+ → R2 of plane curves such that
~γ (., ∞) = limτ →∞ ~γ (., τ ) be a minimum of E. Such a family
is constructed by prescribing the evolution of ~γ according to the
Euler-Lagrange descent equation of E, that is:
d~γ (s, τ )
~ (s, τ )
= −[ξn (~γ (s, τ )) − ηn (~γ (s, τ )) + λL κγ (s, τ )]N
dτ
~ (s, τ ) is the unit normal to ~γ (., τ ) at s pointing outward
where N
of R~γ , and κγ is the curvature of ~γ . The level set representation
of ~γ is given by defining a function u : Ω × R+ → R such that
∀τ ∈ R+ , ~γ ([0, 1], τ ) is the zero-level set {x ∈ Ω|u(x, τ ) = 0}
of u. By convention, we take u > 0 inside of ~γ and u < 0
outside. It can be easily shown that for the zero level set of u
to evolve according to the evolution equation of ~γ , u itself must
evolve according to the following partial differential equation:
∂u(x, τ )
~
= −[ξn (x) − ηn (x) + λL κu (x, τ )]k∇u(x,
τ )k,
∂τ
~
~ · ∇u
. The maximum a posteriori estimate
where κu = −∇
~
k∇uk

R̂n+1 of Rn+1 is then given by the subset {x ∈ Ω|u(x, ∞) > 0}
of Ω. This level set partial differential equation is the basic level
set equation for tracking that we shall generalize to multi-frame
tracking. As will be seen, the generalized equation is strikingly
similar to this basic equation.
2.2. Tracking as joint space-time segmentation

Consider given a sequence (I n )N
n=0 of images, with tn corresponding to time instant tn , tN = T , and tn < tn+1 , ∀n. Let
R0 ∈ Ω be a region in the image at time t0 (I 0 ) which we wish
to track for the rest of the sequence, i.e., for n ≥ 1. We thus wish
to estimate the family (Rn )N
n=1 of subsets of Ω corresponding to
R0 , i.e., such that Rk be the region in the image at time tk corresponding to R0 . We assume that for each n ≥ 1, the regions
in the pair (Rn , R0 ) are related through the basic model given in
equation (1). Formulating this problem as a Bayesian estimation
problem, we can write:
(R̂n )n≥1

At this point, we assume that the (I n )n≥1 are conditionally independent given I 0 , R0 , and (Rn )n≥1 . Although this assumption does not hold in general, it is a reasonable assumption which
makes the problem tractable. Furthermore, this assumption holds
whenever the family Γ of transformations is small enough so that
the knowledge of R0 and (Rn )n≥1 allow the computation of the
individual transformations φn , and is closely related to the conditional independence assumption formulated in [3]. This independence assumption allows us to write the negative log likelihood
as:

=

arg max P ((Rn )n≥1 |(I n )n , R0 )

=

arg

−

log P ((Rn )n≥1 |I 0 , R0 )}

(Rn )n≥1

min {− log P ((I n )n |I 0 , R0 , (Rn )n≥1 )

(Rn )n≥1
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X 1 Z
X 1 Z
ξ
(x)dx
+
=
ηn (x)dx,
n
2σn2 Rn
2σn2 Rcn
n≥1

n≥1

where ξn and ηn are now given by
ξn (x)

=

ηn (x)

=

inf

(I n (x) − I 0 (x + z))2

inf

(I n (x) − I 0 (x + z))2 .

{z:kzk≤nα,x+z∈R0 }
{z:kzk≤nα,x+z∈Rc
0}

This definition of the functions ξn and ηn merely reflects the fact
that tracking in frame I n (n ≥ 1) is based on image I 0 and region R0 . Note also that for technical reasons (justified below) the
variance σn2 has been excluded from the definition of ξn and ηn .
We now let N tend to infinity, corresponding to a refinement of the
discretization of the time interval [0, T ]. We also assume, without
any loss of generality, that all images in the sequence are equally
spaced temporally, that is, for all n = 0, . . . , N − 1, tn+1 − tn
is a constant δN which is a function only of N . Clearly, as N
tends to ∞, the temporal spacing δN between consecutive image
frames goes to 0, and the sequence (I n ) can be viewed as a function I : Ω × [0, T ] → R. By analogy
√ to the construction of Brownian motion, we assume σ = 1/ 2δN . As a result, as N → ∞,
Z
X 1 Z
ξ
(x)dx
→
ξ(x, t)dxdt,
n
2σn2 Rn
V
n≥1
Z
X 1 Z
η(x, t)dxdt,
η
(x)dx
→
n
2σn2 Rcn
Vc
n≥1

where V ⊂ Ω×[0, T ] is the volume in the spatio-temporal domain
spanned by the regions Rn , and the functions ξ, η are given by:
ξ(x, t)

=

η(x, t)

=

inf

(I(x, t) − I(x + z, 0))2 (2)

inf

(I(x, t) − I(x + z, 0))2 .

{z:kzk≤tα,x+z∈R0 }
{z:kzk≤tα,x+z∈Rc
0}

The preceding analysis suggests that if the image sequence is to be
viewed as a mapping I : Ω × [0, T ] → R, and the regions to be
tracked as a volume V in the spatio-temporal domain Ω × [0, T ],
then the negative log likelihood function − log P ((It )t≥0 |I 0 , V )
is given by the expression
Z
Z
− log P ((It )t>0 |I 0 , V ) =
ξ(x, t)dxdt +
η(x, t)dxdt
V

Vc

with η, ξ given in (2). For the negative log of the prior probability − log P (V |I 0 , R0 ) we use a prior which favors volumes with

minimal bounding area such as used in [5], yielding (up to an additive constant) the expression:
0

− log P (V |I , R0 ) = λ

Z

dσ
∂V

where dσ is the element of surface area and ∂V the boundary of
V . Therefore, given an image sequence I : Ω × [0, T ] → R and
a region R0 ⊂ Ω in the image I(., 0) corresponding to t = 0, the
problem of multi-frame region tracking can be expressed as the
problem of minimizing the energy functional
E[V |I, R0 ]

=
+

Z

ξ(x, t)dxdt

ZV

η(x, t)dxdt

Vc

+

λ

Z

dσ

(3)

∂V

over all spatio-temporal volumes V ⊂ Ω × [0, T ]. The tracked region at time t is then given by the restriction to time t of the volume
V which minimizes E. The computation of the spatio-temporal
volume V which minimizes E is performed by embedding V in
a one-parameter family (Vτ )τ of subsets of Ω × [0, T ], with the
bounding surface Sτ of Vτ satisfying the Euler-Lagrange descent
equation of the functional (3), given by [5]:
dSτ
~ (x, t, τ ),
(x, t, τ ) = −[ξ(x, t) − η(x, t) + λH(x, t, τ )]N
dτ
~ the
where H = H(x, t, τ ) is the mean curvature of Sτ and N
outward unit normal to Sτ . The behavior of the proposed multiframe tracking algorithm is evident in this evolution equation: A
point (x, t) of the spatio-temporal domain which is closer in intensity to a point in R0 than to any point outside R0 will have
ξ(x, t) ≤ η(x, t), by definition of the functions ξ and η; as a
result, ξ(x, t) − η(x, t) will be negative, which, omitting the curvature H, will encourage the bounding surface S of the volume V
to grow, englobing (x, t). If, on the other hand, (x, t) is closer in
intensity to a point in Rc0 than to any point inside R0 , ξ(x, t) −
η(x, t) will be positive, encouraging the volume V to shrink at
that point. The level set evolution equations for the multi-frame
tracking algorithm are obtained by considering S as the zero level
surface of a function u : Ω × [0, T ] → R. The main advantages of
solving active surface evolution equations via level set partial differential equations is the numerical stability of level set resolution
schemes and the fact that the implicit surface representation provided by level sets allows for changes in surface topology. In the
context of region tracking, this is of fundamental importance, as a
particular region may split into numerous other regions during its
evolution, or conversely a number of disjoint regions may merge.
The level set partial differential equation for the proposed multiframe tracking algorithm is then given by:
∂u
~
(x, t, τ ) = −[ξ(x, t) − η(x, t) + λH(x, t, τ )]k∇u(x,
t, τ )k
∂τ
~
~ · ∇u
. Note the similarity of this equation with
where H = −∇
~
k∇uk
the level set evolution equation corresponding to frame-by-frame
tracking.
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3. EXPERIMENTAL RESULTS
We illustrate our tracking algorithm on two particularly challenging sequences of real images. The first sequence is the Red Car
sequence. Four images are shown in Figure 1, the initial frame,
the final frame (28), and intermediate frames 9, 25. The images
are 400 × 300. The moving objects are two cars driving in opposite directions. Figure 2 shows the evolution of the zero-level
surface, time being the vertical axis in the figure. The first image
shows the initial surface, the second one after 3,000 iterations, and
the last one at convergence after 10,000 iterations. Figure 3 shows
the results of tracking, at convergence of the algorithm. The image
of both cars is accurately outlined throughout the sequence.
The second sequence is the Embryo sequence. Figure 4 shows
the initial frame, the final frame (61), and intermediate frames 12,
41. The images are 400 × 300. This is a challenging sequence for
motion tracking algorithms, particularly because of the significant
variation in shape of the moving object. Figure 5 shows the evolution of the zero-level surface. The first image is the initial surface,
the second is the surface after 250 iterarions, and the last one is the
surface at convergence after 500 iterarions. Finally, Figure 6 shows
the results of tracking. The embryo has been properly tracked in
spite of the significant change in shape over the sequence.
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Fig. 1. original red car sequence

(01)

(03)

Fig. 4. original embryo sequence
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Fig. 2. zero level set evolution in 3D
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Fig. 5. zero level set evolution
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Fig. 3. red car tracking
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Fig. 6. embryo tracking

