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and 3D interpretation with level sets
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Received 8 July 2005; accepted 16 November 2005
Available online 5 January 2006

Abstract
This paper describes a variational method with active curve evolution and level sets for the estimation, segmentation, and 3D interpretation of optical ﬂow generated by independently moving rigid objects in space. Estimation, segmentation, and 3D interpretation are
performed jointly. Segmentation is based on an estimate of optical ﬂow consistent with a single rigid motion in each segmentation region.
The method, which allows both viewing system and viewed objects to move, results in three steps iterated until convergence: (a) evolution
of closed curves via level sets and, in each region of the segmentation, (b) linear least squares computation of the essential parameters of
rigid motion, (c) estimation of optical ﬂow consistent with a single rigid motion. The translational and rotational components of rigid
motion and regularized relative depth are recovered analytically for each region of the segmentation from the estimated essential parameters and optical ﬂow. Several examples with real image sequences are provided which verify the validity of the method.
 2005 Elsevier Inc. All rights reserved.
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A major branch of picture processing deals with
image analysis or scene analysis; . . . the desired output
is a description of the given picture or scene.
Segmentation is basically a process of pixel classiﬁcation; the picture is segmented into subsets by assigning
the individual pixels to classes . . . The approach discussed . . . minimizes the expected classiﬁcation error, . . .,
more generally, (an) expected cost . . . It should be pointed out that if range or velocity information is available
for each pixel, obtained by special sensors or derived
from stereopairs or image sequences, we can use this
information as a basis for segmenting the picture.
(At) an edge, the gray level is relatively consistent in
each of two adjacent, extensive regions, and changes
abruptly as the border between the regions is crossed . . .
this is a special case of pixel classiﬁcation.
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Azriel Rosenfeld in A. Rosenfeld and A. C. Kak Digital
picture processing, Academic Press, Second edition,
1982.
Foreword
Azriel Rosenfeld founded the ﬁeld of image processing four decades ago. He identiﬁed and investigated fundamental subjects which are still the focus of intense
research. The book Digital picture processing by
A. Rosenfeld and A. C. Kak, published in 1976, was
structured based on these subjects and described
research in a textbook style. This made its contents
informative, accessible, and attractive so as to bestir
extensive and sustained research. This paper deals with
image segmentation/edge-detection and description, subjects that the quotes from the book highlight. The basis
for segmentation/edge-detection is the velocity ﬁeld
derived from an image sequence, and the saught description is the three-dimensional (3D) structure and motion
of the objects in the observed scene. The velocity ﬁeld
and its 3D interpretation are derived from cost function
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2. Basic models
In this section, we describe a constraint which relates
optical ﬂow to the representation of rigid 3D motion by
essential parameters. This constraint will be used in the
formulation to compute an estimate of optical ﬂow conform to a single rigid 3D motion in each segmentation
region. We also describe a mapping between the interiN 1
ors fRck gk¼1
of a family of N  1 closed plane curves
N 1
N
fck gk¼1 and regions fRk gk¼1 which always forms a partition of the image domain. This mapping will be used
in the formulation to guarantee that the computed segmentation corresponds to a partition of the image
domain.
2.1. Optical ﬂow and essential parameters of rigid 3D motion
Let T = (t1, t2, t3), x = (x1, x2, x3) be the translational
and rotational components of the motion of a rigid body
B in space. Let p be the image of a point P 2 B (refer to
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Optical ﬂow analysis plays fundamental roles in computer vision. For instance, it serves movement detection,
tracking, segmentation, and 3D interpretation [1,2].
Optical ﬂow 3D interpretation is of considerable interest
in applications such as robot autonomous navigation,
virtual and augmented reality, medical diagnosis, and
surveillance.
The primary focus of this study is dense 3D interpretation of optical ﬂow of rigid objects moving independently
relative to a viewing system. Within the general context
of 3D interpretation of image sequences, sparse interpretation, which seeks depth and 3D motion from views of a
sparse set of points in space, has been the subject of a substantial number of well documented studies [3–5,2,6].
Dense optical ﬂow interpretation has been investigated relatively little because it is considerably more complex, particularly when the viewing system and the viewed objects
are allowed to move, [7–25].
Most current methods of dense optical ﬂow interpretation consider the problem of a viewing system moving in
a stationary environment [7–19]. In this case, the camera
motion is the single 3D motion to recover and moving
object segmentation is no longer an issue. In spite of these
simpliﬁcations, interpretation remains complicated by
image noise and depth discontinuities. Such complications
occur in optical ﬂow and disparity estimation as well and
have been resolved by modeling and anisotropic diﬀusion
within a variational framework [26]. The variational formalism allows the coding of models, assumptions, and constraints in a single functional to minimize. This leads to
eﬃcient, tractable algorithms [27]. The variational methods
of optical ﬂow 3D interpretation in [19,8,12] have not fully
exploited the formalism.
A few studies have addressed the problem when both
the viewing system and the viewed objects are allowed
to move independently [20–22,24,23,25]. In this case, segmentation of the image domain into regions corresponding to diﬀerently moving objects in space is essential.
This complicates the problem signiﬁcantly. Non variational methods have used traditional grouping processes for
segmentation, such as region growing [22] and clustering
[20]. Variational formulations have been investigated in
[24,23,25]. In [24,23], the methods are not based on active
curves/level sets and do not address segmentation explicitly. The active curves/level sets method in [25] states
the problem as 3D-motion segmentation with simultaneous 3D-motion and dense depth estimation within each
region of the segmentation.
This study investigates a new level set method for joint
estimation, segmentation, and 3D interpretation of the
optical ﬂow generated by multiple rigid objects in space
moving independently relative to the viewing system.

al

1. Introduction

Optical ﬂow is estimated so as to correspond to a single
rigid 3D motion in each segmentation region via the
essential parameters representation of rigid motion
[28,29,2]. The formulation results in an algorithm where
three steps are interated until convergence: (a) evolution
of closed curves via level sets and, in each segmentation
region, (b) least squares computation of the essential
parameters of rigid motion and (c) estimation of optical
ﬂow consistent with a single rigid 3D motion. The translational and rotational components of rigid motion and
regularized relative depth are recovered analytically for
each segmentation region from the estimated essential
parameters and optical ﬂow. Several examples with real
image sequences are provided to verify the validity of
the method.

tic

minimization, using some of the latest analysis tools: the
variational formalism and active curves via level sets.

op
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Fig. 1. The viewing system is modeled by an orthonormal coordinate
system and central projection through the origin.
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Fig. 1). Finally, let (x, y) be the coordinates of p and
w = (u, v) the optical ﬂow at (x, y) (the optical velocity
of p) at some instant of observation. Optical ﬂow and the
components T, x of the rigid motion of B are related by
the following homogeneous linear equation [28,29,2]:
d  e ¼ 0;

ð1Þ

where d is a vector of dimension nine whose components
depend on image coordinates and optical ﬂow:
2

2

2

d ¼ ðx ; y ; f ; 2xy; 2xf ; 2yf ; fv; fu; uy þ vxÞ

ð2Þ

and e is the vector of essential parameters related to T and
x by
t 1 ¼ e7 ;

t 2 ¼ e8 ;

t 3 ¼ e8 ;

2x1 t1 ¼ e1  e2  e3 ;

3. Formulation
The problem of segmenting optical ﬂow into N regions,
each corresponding to a single rigid 3D object, can be stated as follows: minimize
N Z

X
2 
2 
N 1
Eðfck gk¼1 Þ ¼
u  uk þ v  vk
dx
þk

Rk
N 1 Z
X
k¼1

x2 t1 þ x1 t2 ¼ 2e4 ;
x1 t3 þ x3 t1 ¼ 2e5 ;
x2 t3 þ x3 t2 ¼ 2e6 .

ð3Þ

2.2. A partition of the image domain from closed curves
In segmentation by active curve evolution, the standard
representation of a region maps the region to the interior of
a closed simple curve. A problem arises when two or more
curves intersect because the membership of the points in
the intersection becomes ambiguous. It is essential that a
segmentation algorithm yields a partition of the image
domain, albeit at convergence [30,31–33]. Here, we deﬁne
regions from curves so as to guarantee a partition [33]. This
deﬁnition is as follows. Refer to Fig. 2 for an illustration.
N 1
Let fck gk¼1 be a family of closed plane curves, and let
Rck designate the interior of ck, k = 1, . . ., N  1. We deﬁne
region R1 as Rc1 , i.e., the interior of c1. Region R2 of the
segmentation, however, is identiﬁed with Rcc1 \ Rc2 , rather
than Rc2 as in the standard correspondence. Similarly,

γ3

γ1
R1
R3

R2
γ2

region R3 of the segmentation is deﬁned as Rcc1 \ Rcc2 \ Rc3
and,
more
generally,
Rk ¼ Rcc1 \ Rcc2 \    \ Rcck1 \
Rck ; k 6 N  1. The last region, RN, is deﬁned as in the
c
N 1
standard correspondence by RN ¼ ð[k¼1
Rk Þ , i.e., the complement of the union of the other regions. Therefore, the
N
resulting family fRk gk¼1 is a partition of the image domain
1
for any given family of closed curves fck gNk¼1
.

k¼1

2x2 t2 ¼ e2  e3  e1 ;
2x3 t3 ¼ e3  e2  e1 ;

R4

Fig. 2. Representation of a partition of the image domain by explicit
correspondence between regions of segmentation and regions deﬁned by
closed plane curves (illustration for four regions).
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ð4Þ

ds;
ck

where the family of regions fRk gNk¼1 is deﬁned from closed
N 1
curves fck gk¼1
as in Section 2.2; (u*, v*) is a motion ﬁeld
consistent, in each region, with a single rigid motion described by essential parameters and computed jointly with
the essential parameters by
Z h
2
2
ðu ; v ; ek Þ ¼ arg min
ðd  ek Þ þ lðrI  w þ I t Þ
u;v;ek

Rk

þmðgðkrukÞ þ gðkrvkÞÞdx;

k ¼ 1; . . . ; N
ð5Þ

and, uk ðvk Þ is the mean of u* (v*) in region Rk, k = 1, . . ., N,
Z
1

R
uk ¼
u dx
dx Rk
Rk
Z
1
vk ¼ R
v dx.
dx
Rk
Rk
Function g in (5) is of class C2. With the quadratic function, we have the Horn-and-Shunck regularization term.
This function can also be chosen to preserve motion
boundaries within each region, aspwith
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃthe Aubert–Deriche–Kornprobst function gðsÞ ¼ 2 1 þ s2  2 [26].
This formulation can be explained as follows. The
purpose is 3D interpretation of the optical ﬂow induced
by 3D objects simultaneously and independently moving.
First, this requires the segmentation of the objects. Second, it requires the optical ﬂow. Third, the optical ﬂow
must be related to the variables of the 3D interpretation
within each region of the segmentation. These requirements are all embedded in Functionals (4) (segmentation) and (5) (estimation of optical ﬂow and 3D
interpretation) of the formulation. The two functionals
are tightly linked because the formulation seeks simultaneously a segmentation and an estimate of optical ﬂow
consistent with a single rigid body motion in each region
of the segmentation. There are two important observations to make:
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(A) In image and optical ﬂow segmentation [34,35], a
functional such as (4) is sometimes referred to as a piecewise constant segmentation functional . It is the simplest
form of the general linear parametric functional [36]. The
focus of such formulations is not on computing an accurate
parametric representation of an image or a ﬂow ﬁeld, but
on partitioning the image domain into regions which (are
assumed to) diﬀer by the parameters of the representation.
This is the case in this formulation which seeks a segmentation under the assumption that the desired regions, i.e.,
where each region corresponds to a single rigid object in
space, diﬀer by their average optical velocity. This assumption is generally valid and, if necessary, an aﬃne model [35]
can be used without aﬀecting the segmentation paradigm.
However, 3D interpretation requires both an accurate optical ﬂow estimate [2] and a segmentation where each region
corresponds to a single rigid object in space. These requirements justify Functional (5). For each region of the segmentation, its minimization yields an estimate of optical
ﬂow which is smooth (the third term of the integrand), conforms to the spatio-temporal data (second term), and is
consistent with a single rigid body motion described by
its essential parameters (the ﬁrst term). Optical ﬂow and
the essential parameters are estimated jointly. The contribution of the 3D interpretation term (the ﬁrst term) to both
the segmentation and the estimation of optical ﬂow will be
illustrated in the experiments (Section 6). Note that
smoothness deﬁned by total variation as in (5) cannot be
a basis for segmentation when regions are explicitly referenced in the objective functional as in (4).
(B) In regard to joint optical ﬂow estimation and segmentation, this formulation is most related to the one in
[35], and can be seen as a generalization because it also
jointly estimates 3D structure and motion. Other notable
diﬀerences are: with this formulation (a) the estimated optical ﬂow is consistent with rigid 3D motion, (b) each region
of the segmentation is consistent with a single 3D rigid
body motion, (c) segmentation into N regions uses N  1
curves as described in Section 2.2, whereas in [35] it uses
logN curves following the construction in [34]. Our construction has the advantage of being straightforward to
implement for an arbitrary number of regions [33]. Finally,
(d) the method in [35] uses a single functional, whereas this
method aﬀords more ﬂexibility with two diﬀerent functionals, one for segmentation, the other for optical ﬂow estimation (and 3D interpretation).
In regard to 3D interpretation, this formulation is most
related to the active curves/level sets formulation in [25].
The formulation in [25] uses a term of conformity to data
based on the Horn-and-Schunck optical ﬂow constraint
in which it substitutes for optical velocity its expression
in terms of depth and the rigid 3D motion components
of translation and rotation. Therefore, one signiﬁcant difference is that optical ﬂow estimation in this formulation
replaces the estimation of depth in [25]. This has a major
implication computationally because optical ﬂow involves
sparse systems of linear equations which, although large,

can be solved quite eﬃciently by Gauss–Seidel iterations
or the semi-quadratic algorithm, whereas the estimation
of depth involves large systems of nonlinear equations
solved by gradient descent. Another diﬀerence is that segmentation in [25] is based directly on 3D motion, rather
than on optical ﬂow constrained by 3D motion. On all
the examples we ran, both methods produce similar results
but this method executes signiﬁcantly faster.
4. Algorithm
The formulation can be implemented by an algorithm
which iterates three consecutive steps: computation of the
essential parameters for each region, estimation of the optical ﬂow in each region, and curve evolution.
4.1. Initialization
The segmentation curves and the optical ﬂow are initialized. The optical ﬂow is initialized to zero. Alternatively, it
can be initialized with the result of a few iterations of the
Horn-and-Schunck algorithm. An initial partition is
deﬁned (Section 2.2) using closed curves arbitrarily placed
over the image domain.
4.2. Step 1: essential parameters
With the optical ﬂow and the segmentation curves ﬁxed,
Functionals (5) are each minimized with respect to the
essential parameters. Because the essential parameters are
constant in each region, this reduces their estimation, up
to a scale factor, to a linear least squares ﬁt within each
region. This can be done eﬃciently by the singular value
decomposition method [37].
4.3. Step 2: optical ﬂow estimation
With the curves of the segmentation and essential
parameters ﬁxed, Functionals in (5) are minimized with
respect to optical ﬂow. The corresponding Euler–Lagrange
equations for region Rk, k = 1, . . ., N, are
8
0

ðkrukÞ
>
< ðfek;8  yek;9 Þd  ek þ lI x ðrI  w þ I t Þ  mdiv g kruk
ru ¼ 0;
0

ðkrvkÞ
>
: ðfek;7 þ xek;9 Þd  ek þ lI y ðrI  w þ I t Þ  mdiv g krvk
rv ¼ 0;
ð6Þ

where ek, j designates the jth component of ek, the vector of
essential parameters corresponding to region Rk, and
w = (u,v). When g is the quadratic function, we have a large
sparse linear system equations which can be solved eﬃciently by Jacobi or Gauss–Seidel iterations, as with the
Horn-and-Schunck algorithm. When g is the Aubert–Deriche–Kornprobst function, we have a large sparse system of
nonlinear equations which can be solved eﬃciently by the
half-quadratic algorithm [26]. In both cases, computations
are conﬁned to the regions interior; this has the eﬀect of
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preserving 3D-motion boundaries because regions diﬀer by
their 3D-motion via the essential parameters.

wk ¼ nkþ1 vRU

þ nkþ2 vRcU

kþ1

þ nN 1 vRcU

4.4. Step 3: curves evolution

þ nN vRcU

kþ1

The curves evolution is governed by the Euler–Lagrange
descent equations corresponding to the minimization of
Functional (4) with respect to the curves:
dck
dE
¼
;
ock
ds

k ¼ 1; . . . ; N  1;

ð7Þ

where each curve ck is embedded in a one-parameter family
of curves indexed by the (algorithmic) time parameter s.
With our representation of a partition from closed
curves (Section 2.2), and with optical ﬂow and the essential
parameters ﬁxed, the expression of the descent Eq. (7) are
(see [33] for generic details):
8 dc1
¼ ðn1  w1 þ kj1 Þn1 ;
>
ds
>
>


>
>
dc2
>
c ðn2  w Þ þ kj2 n2 ;
¼

v
>
R
2
>
ds
1
>
>
>
>
.
>
<
..


dck
>
c ...v c
¼

v
ðn

w
Þ
þ
kj
nk ;
>
k
k
R
R
k
> ds
1
k1
>
>
>
>
..
>
>
>
. 
>

>
>
: dcN1 ¼  v c . . . v c ðn

w
Þ
þ
kj
nN 1 ;
N
1
N
1
R
R
N
1
ds
1
N 2
ð8Þ
where vR designates the characteristic function of region R,
i.e., vR (x) = 1 if x 2 R and vR(x) = 0 otherwise; nk is the
outward unit normal function to ck and jk its mean curvature function. For k = 1,. . ., N, functions nk and wk are deﬁned by
2

2

nk ¼ ðu  
uk Þ þ ðv  vk Þ ;
wk ¼ nkþ1 vRc

kþ1

þ nkþ2 vRcc

vRc

þ 

   vRcc

vR c

þ nN vRcc

kþ2

kþ1

þ nN 1 vRcc

k ¼ 1; . . . ; N ;

kþ1

N 2

N 1

kþ1

N 2

vRcc .
N1

The corresponding level set evolution equations [38,33]
are
8 oU1
>
os
>
>
>
>
oU2
>
>
os
>
>
>
>
>
>
<
oUk
>
>
os
>
>
>
>
>
>
>
>
>
>
>
: oUN 1
os

¼

ðn1  w1 þ kjU1 Þ j $U1 j;


 vRcU ðn2  w2 Þ þ kjU2 j $U2 j;
1

¼

..
. 
 vRcU . . . vRcU

ðnk  wk Þ þ kjUk

..
. 
 vRcU . . . vRcU


ðnN 1  wN 1 Þ þ kjUN 1 j $UN 1 j;

1

¼

1

k1

N 2



j $Uk j;

N 2

þ ...

vRU

N 1

vRUc .
N1

Until convergence
In Functional (4), the term for region Rk in the sum corresponding to the u (v) component of the motion ﬁeld is
proportional to the variance of the component in the
region. Therefore, assuming that the smoothing of motion
which occurs at step 2 of the algorithm decreases this variance, Functional (4) will decrease at each iteration and the
algorithm will converge.
5. Recovery of structure
The components T, x of rigid motion for each segmentation region can be recovered analytically from the
region essential parameters. From (3), the translational
component T = (t1, t2, t3), up to a sign and a positive
scale factor, is given by t1 = e7, t2 = e8, t3 = e9. The rotational component is obtained, also analytically, from the
other equations in (3), i.e., from the linear system of
equations
0
B e7
B
B
B e7
Be
B 8
B2
B e9
@2

e8
0
e8
e7
2

0
e9
2

1
0 1
e9
e1
C
B
e9 C0 1 B e2 C
C
C x1
B C
0 CB C B e 3 C
C@ x 2 A ¼ B C.
Be C
0 C
C
B 4C
C x3
B C
e7
A
@ e5 A
2
e8
2

e6

Depth cannot be recovered if T = 0. When T „ 0, the
relations [29]
8
< u ¼ 1 ðft1  xt3 Þ  xy x1 þ f 2 þx2 x2  yx3 ;
Z
f
f
ð10Þ
: v ¼ 1 ðft  yt Þ  f 2 þy 2 x1 þ xy x2 þ xx3
2
3
Z
f
f
give (relative) depth in terms of (u, v) and (T, x):

ð9Þ

where Uk is the level set function corresponding to ck taken
positive
inside
c k;
RUk ¼ fx 2 X j Uk ðx; tÞ > 0g;
jUk ¼ r  ðrUk = j rUk jÞ. Functions wk are given by

kþ2

Initialize the curves and optical ﬂow.
Iterate
1. Compute the essential parameters in each region by linear least-squares.
2. Estimate optical ﬂow using (6).
3. Evolve curves via level sets using (9).

0
¼

. . . vRcU

N2

vRU

We summarize the algorithm as follows:

0

. . . vRcc

. . . vRcU

kþ1

kþ1

93

2

Z¼

ðft1  xt3 Þ þ ðft2  yt3 Þ
ðu þ xyf x1  f

2 þx2

f

x2 þ yx3 Þ2 þ ðv þ f

2 þy 2

f

!12

2

x1  xyf x2  xx3 Þ2

.

ð11Þ
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Because the components of T appear in a ratio with depth
in (10), translation and depth are recovered up to a common scale factor, which is ﬁxed when the essential parameters are computed under a ﬁxed norm constraint Eq. (1) is
homogeneous). Once depth is computed, the sign of T can
be adjusted, if necessary, to correspond to positive depth
[28,2].
Note that the algorithm recovers a regularized estimate
of depth because the estimated optical ﬂow and essential
parameters from which it is computed (Eq. 11) are regularized solutions of functional minimization.
6. Experimental results
To evaluate the proposed method, we ran several
experiments with real image sequences. Reconstructed
objects are displayed using triangulation-based surface
rendering with back-projection of the texture of the original input images. We also provide anaglyphs of stereo-

Fig. 3. (A) The ﬁrst frame of the Berber sequence and the initial level set;
(B) the computed segmentation; (C) the segmentation without the 3D
interpretation term.

scopic images constructed from the estimated depth
[25,39]. The results of the segmentation and optical ﬂow
estimation are shown and compared to those of other
methods. For each example, we experimented with diﬀerent curve initializations by placing the curves so that the
image of a moving object is (a) completely inside a curve,
(b) completely outside and, (c) partly inside/outside. In all
the examples, these initializations led to the same results.
However, the algorithm convergence time varied with
the initialization.
This ﬁrst example uses two consecutive frames of the
Berber sequence of real images. The ﬁgurine rotates and
moves forward to the right. The scene surfaces are textured.
The parameters are: m = 1, l = 103, and k = 102. The initial
segmentation curve is shown in Fig. 3A, superimposed on the
ﬁrst of the two frames used. The ﬁnal segmentation is shown
in Fig. 3B. Views of the reconstructed ﬁgurine, back-shaded
using the original texture, are shown in Figs. 4A–C. The estimated optical ﬂow, and the optical ﬂow computed by the
Horn-and-Schunck and the Aubert–Deriche–Kornprobst
algorithms are displayed in Figs. 5A–C respectively. The
methods of Horn-and-Schunck and Aubert–Deriche–
Kornprobst are benchmark variational methods which use,

Fig. 4. The reconstructed 3D structure of the moving ﬁgurine in the
Berber sequence from diﬀerent viewpoints.
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A

B

C

Fig. 6. (A) The ﬁrst frame of Teddy1 sequence and the initial level set; (B)
the computed segmentation; (C) the segmentation without the 3D
interpretation term.

Fig. 5. Optical ﬂow estimated by (A) this method; (B) the Horn-andSchunck method; (C) the Aubert–Deriche–Kornprobst method.

respectively, isotropic and anisotropic regularization.
Fig. 13A displays an anaglyph of a stereoscopic image constructed from the ﬁrst image and the estimated depth.
To evaluate the contribution of the 3D interpretation
term to the estimation of optical ﬂow, we computed the displayed frame diﬀerence (DFD) for this method and the
methods of Horn and Schunck and Aubert, Deriche, Kornprobst. As can be seen in Table 1, the DFD for this
method is the lowest. We also show the contribution of

Fig. 7. The reconstructed 3D structure of the moving object from diﬀerent
viewpoints.

Table 2
The DFDs for the Teddy1 sequence

Table 1
The DFDs for the Berber sequence
Method

DFD

Horn-and-Schunck
Aubert–Deriche–Kornprobst
This method

0.0345
0.0278
0.0123

Method

DFD

Horn-and-Schunck
Aubert–Deriche–Kornprobst
Method in [25]
This method

0.0633
0.0428
0.0195
0.0205
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A

B

C

Fig. 8. Optical ﬂow estimated by (A) this method; (B) the Horn-and- Schunck method; (C) the Aubert–Deriche–Kornprobst method.

Fig. 9. (A) The ﬁrst of the two frames used of the Cylinder sequence with the initial curves; (B) the computed segmentation; (C) the segmentation without
the 3D interpretation term.
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the 3D interpretation term to the segmentation. Fig. 3C
gives the segmentation obtained without the 3D interpretation term. Although in one region the optical ﬂow is consistent with a single rigid 3D motion, it is due to two diﬀerent
motions in the other (background and part of the object).

Fig. 10. The reconstructed 3D structure of the moving cylinder from
diﬀerent viewpoints.
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By contrast, the 3D term in (5) constrained the optical ﬂow
to be consistent with a single rigid 3D motion in each segmentation region Fig. 3B.
In this second example (Teddy1 sequence, Carnegie
Mellon image database), the stuﬀed animal moves approximately laterally against a background which moves in the
opposite direction. In contrast with the sequence of the previous example, this sequence has large areas (on the object)
with weak spatio-temporal variations, as well as small
areas without texture (eyes and nose tip of the object).
The parameters in this experiment are set to m = 1,
l = 0.5 · 103 and k = 102. The initial segmentation curve
is shown in Fig. 6A superimposed on the ﬁrst of the two
images used in this example. The ﬁnal segmentation is
shown in Fig. 6B. Views of the reconstructed object surface, back-shaded using the original texture, are shown in
Figs. 7A and B. Estimated optical ﬂow, optical ﬂow by
the Horn-and-Schunck algorithm and the Aubert–Deriche–Kornprobst algorithm are displayed in Figs. 8A–C,
respectively. Fig. 13B displays an anaglyph of a stereoscopic image constructed from the ﬁrst image and the estimated
depth.
The DFDs for this method, the methods of Hornand-Schunck and Aubert, Deriche, Kornprobst, and
the method in [25], are given in Table 2. The DFDs

Fig. 11. The reconstructed 3D structure of the moving box shown with the background from diﬀerent viewpoints.
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A

B

C

translating to the right with an image velocity of about
0.14 pixel per frame. There is also a box moving right at
an image rate of about 0.31 pixel per frame in front of
a ﬂat backgroung also moving right at 0.14 pixel per
frame. The parameter are m = 1, l = 104 and k = 101.
The two initial segmentation curves are shown in
Fig. 9A, superimposed on the ﬁrst of the two frames
used. The challenge, here, is to segment the scene into
tree regions because the 3D motion of box and background are very close (they were considered as one
motion in [40]). The ﬁnal segmentation is shown in
Fig. 9B. The reconstructed depth of the objects, triangulated and textured using the texture in the original images,
is shown from diﬀerent viewpoints in Figs. 10A–C and
11A–C.
Note that these surfaces are smooth (regularized
depth), and that the placement of boundaries is accurate.
The estimated image motion by this method, by the
Horn-and-Schunck algorithm, and the Aubert–Deriche–
Kornprobst method are displayed in Figs. 12A–C,
respectively. Fig. 13C displays an anaglyph of a stereoscopic image constructed from the ﬁrst image and the
estimated depth.
The DFDs are shown in Table 3. As in the preceding
example, the 3D methods have similar DFDs, lower
than the others. The segmentation without the 3D interpretation term is displayed in Fig. 9C. As in the ﬁrst
example, the exclusion of the 3D term from the formulation yields a segmentation where the optical ﬂow estimate is not consistent with a single 3D motion in every
region.
7. Conclusion

Fig. 12. Optical ﬂow estimated by (A) this method; (B) the Horn-andSchunck method; (C) the Aubert–Deriche–Kornprobst method.

for this method and the method in [25] are about the
same and are lower than the other two. The segmentation obtained without the 3D interpretation term is
shown in Fig. 6C. Here, the segmentation is similar to
the one obtained with the inclusion of the 3D interpretation term.
This last example uses the Cylinder sequence (courtesy
of S. Debrunner who constructed it and used it for sparse
3D reconstruction [40]). This is also a sequence of real
images where a curved, cylinder-like object rotates about
one degree per frame around a nearly vertical axis while

This paper investigated a level set method for the segmentation and 3D interpretation of the optical ﬂow of
multiple rigid objects moving independently in space.
Estimation, segmentation, and 3D interpretation were
performed jointly. This variational formulation saught
simultaneously a segmentation into regions diﬀering by
their mean estimated optical ﬂow, and a regularized estimate of optical ﬂow consistent with both the Horn-andSchunck optical ﬂow constraint and a single rigid body
motion in each region of the segmentation. The method,
which allows both the viewing system and the viewed
objects to move, resulted in three steps interated until
convergence: evolution of closed curves via level sets
and, in region of segmentation, computation of essential
parameters of rigid motion by linear least squares, and
estimation of optical ﬂow consistent with a single rigid
motion. Following the segmentation, the translational
and rotational components of rigid motion and regularized relative depth are recovered analytically for each
region of the segmentation from the estimated essential
parameters and optical ﬂow. The validity of the method
has been veriﬁed in several experiments with real image
sequences.
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Fig. 13. Anaglyphs (to be viewed with red-blue glasses) of the sequences, (A) Berber; (B) Teddy1; and (C) Cylinder.

Table 3
The DFDs for the Cylinder sequence
Method

DFD

Horn-and-Schunck
Aubert–Deriche–Kornprobst
Method in [25]
This method

0.0412
0.0325
0.0225
0.0275
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